AERODYNAMICS OF A TWISTED WALL JET IN A CO-CURRENT FLOW
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Twisted wall jets are used fairly often in different vortical-type devices — ejectors,
centrifugal separators and classifiers, swirl tubes, etc. Under actual conditions, such
flows are usually co-current flows, and in the general case the companion flow also has a
retational component.

Below we examine two types of twisted flows — a jet flowing about a cylinder (external
problem, Fig. 1), and a jet developing in a cylindrical channel (internal problem). The
main difference between these schemes can be explained as follows. In the external part of
the jet flowing over the cylinder (8, < y < b, Fig. 1), circulation decreases with an in-
crease in radius (3T/8r < 0). In accordance with Rayleigh's principle of stability, there
should then be an intensification of transport processes. However, turbulent exchange is
suppressed in the boundary region of this jet (0 < y < §y). The effect of body forces is
the opposite in the case of the jet developing in the channel. In the external part of this
jet, where 3T/3r > 0, turbulent pulsations are reduced and turbulent transport is diminished.
This has been confirmed by the results of measurements of the turbulence structure of twisted
wall jets [1, 2].

Calculation of aerodynamically semi-infinite twisted jets is a complex problem. The
main difficulties encountered in the theoretical analysis stem from the three-dimensional
character of the flow, as well as the need to allow for the effect of centrifugal forces on
the intensity of turbulent transport. The literature does not contain any solutions of such
problems which have allowed for the entire complex of factors to be considered.

Integral methods [3, 4] have been widely used in calculations of untwisted semi-infinite
jets. Being simple, they usually give finite analytic formulas and, with an accuracy suffi-
cient for practical purposes, coincide with the experimental results in regard to the main
parameters — friction, heat transfer, and integral characteristics. Similar methods can also
be used to analyze twisted wall jets. Here, to solve integral relations for linear and angu-
lar momenta, energy, and mass transfer, it is necessary to establish similarity profiles of
longitudinal and circumferential velocity and the laws governing the expansion of the jet
and the change in the maximum values of the velocity components along the cylinder in the
flow or along the channel. The present study is devoted to theoretical determination of
these quantities. We will examine the case of flow with an injection parameter m = pgwg/
poWo > 1. The results of the calculations are compared with experimental data.

1. Similarity Profiles of the Longitudinal and Circumferential Components of Velocity
in the Jet. As a rule, in integral methods of calculation [3, 4], the jet is subdivided
into two regions — the boundary region (0 < y < &) and the external region (8, < y < b).
The velocity profiles in the external part are described by the relations characteristic of
free turbulence, while the profiles in the boundary region are characterized by the relations
for a boundary layer. In analyzing complex three-dimensional semi-infinite wall jets, it is
more convenient to use a single relation which describes the velocity profile over the en-
tire cross section of the jet.

We will seek the velocity profile in the form of a superposition of functions which ac-
count for the development of the boundary layer f,(£, wyo) and rest of the jet g(&, wy, Wyo),
where £ = y/b, Wy, is the maximum velocity in the section in the absence of momentum loss to
friction against the wall:

w = wmofb(§1 wmo)gc(gr Wos Wmo)- (1.1)

We assign the function f}, in the form of a power profile of velocity f}, = (y/8)P, while we
assign g. as a linear combination of the Schlichting jet profile:
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g = a,(1 — EY5)? + a,. (1.2)

Using the boundary conditions (go = 1 at £ = 0 and g = wo/wy, at £ = 1), we write the
profile of longitudinal velocity in the submerged wall jet in the form

w=wmu§"(b/6)"[(1—,—,%)(i—§1‘5)2+—,,,%], (1.3)

where § is the thickness of the boundary layer over which the effect of the wall is felt.
Its value can be found by solving the integral momentum equation for a turbulent boundary
layer with longitudinally-curved streamlines [5] § = 0.37(wyex/v) %-2¥%-%,

Under quasi-isothermal conditions Ty/T, = 1, the relative friction function is deter-
mined by an increase in flow velocity and the effect of the body forces on turbulent trans-
port ¥ = ¥,¥;. Since the velocity in (1.3) is weakly dependent on b/8§, in determining § we
can ignore the dependence on relative curvature, having set W = ¥, = cos ¢~ %75,

In the absence of a companion flow (w, = 0), Eq. (1.3) is similar to the Karman profile [6]
used to describe secondary radial flow on a rotating disk. At wy/wy, = 1, Eq. (1.3) becomes
the power velocity profile; it should be noted that Wormley's profile [7] for end flow in a
swirl chamber does not yield such an asymptote. At wy/wy, > 1, Eq. (1.3) describes the veloc-
ity profile in wall gas screens (m < 1).

The coordinate of the velocity maximum in profile (1.3) is found from

En = 6n/b =[P, — V PI_P,[" (1.4)

1.5+n P -
3+n' 2 B+n) (1 — wy/wpy) *

or Ep = 1 if wo/wmo > 0.834, P, =

It can be seen that the coordinate of maximum velocity depends on the fullness of the
boundary part of the velocity profile and the co-current parameter m. For w, = 0 and n = 1/7,
Em = 0.127. This result corresponds to well-known theoretical and experimental data for sub-
merged wall jets [8]. Inserting (1.4) into (1.3), we can also find the maximum velocity wy
with allowance for wall friction.

We can use Eq. (1.3) to describe the profile of peripheral velocity in the jet. Thus,
in the absence of rotation in the companion flow (v, = 0), the profile of peripheral velocity

U = Uyl (0/8)" (1 — ELB)2, (1.5)

Here, v and vy, are the peripheral velocity at the point in question and the maximum value
of peripheral velocity in the absence of momentum loss on the wall. In writing (1.5), we
assumed that the thicknesses of the boundary layer § and the jet b coincide for the circum-
ferential and longitudinal directions.

We use (1.3) and (1.5) to find the distribution of the angle of twist of the flow, which
is needed to analyze heat and mass transfer and friction:

" .
tgo= -;’7 =';L°(1_§1’5)2/ [(1 — a‘“") (1 —&"")? + wy/twmg |- (1.6)
mo mo .
The angle of twist of the flow on the wall (£ »> 0)
g, = Z7m€)/wm0- (1-7)

The distribution of the maximum value of the longitudinal wp, and peripheral vme com-—
ponents of velocity along the surface in the flow can be found from the laws of conservation
of linear and angular momenta. For an isothermal flow, these laws are written as

865



Rid Rts Rib
S 2nulrdr == g 2nwirdr 4 s 2nwirdr; (1.8)
R R Rts
Rtb Bts
S 2nvwridr = S nvawgdr. (1.9)
R R

Here and below, the top sign corresponds to flow about the cylinder, while the bottom sign
corresponds to flow in the channel.

After jet profiles of the type (1.2) are inserted into Egs. (1.8) and (1.9), the latter
are easily integrated and yield theoretical formulas for the longitudinal component of ve-
locity

1

Umg _ 1 P _0.45 + 0.429/R ‘/ 0.45 + 0.4295/R )2 s/b (m* — 1) (14;3/23)}
m

w, "0.316 + 0.067b/R 0.315 + 0.0676/R (0.316 + 0.0675/R) (1.10)
and the angle of twist on the wall
we \2 s 1 &
tg(PiD:tg(PS(wmo) -b—(1iﬁ-+§—-§§)/[(0316ﬂ: (l 11)

£ 04335 + 0.0222b2/R2) + (/o) (0.134 = 0.126b/R + 0.03331;2/32)].

The unknown quantity in (1.10) and (1.11) is the change in the width of the jet b over its
length. This quantity is found below.

2. Laws of the Expansion of Twisted Wall Jets. According to [8], the equation which
descrlbes expansion of the jet has the form

db/dt = u’, (2.1)

where u' is the fluctuation velocity in the radial direction. For a flow in a centrifugal
force field [5, 9]

u = uf. (2.2)

Here, ug is the fluctuation velocity in the radial direction in the absence of the effect

of centrifugal forces. The value of u; for a three-dimensional flow is determined by the
shift in total velocity and with the assumption of similarity of the profiles of longitudinal
and peripheral velocity

’ 1 iw] v . tg2 s
Uy = ob _-=col/(wm——w0)2+vfn=co|wm—w0|]/\1 +-(—-—-(P1—-\—2 (2'3)
1 J

m
(2, = cyb is the mixing length for the jet without twisting).

In Eq. (2.2), the function f considers the effect of centrifugal forces on the fluctua-
tions of radial velocity. According to [9]

f =1V 1F @lyRi (0T/dr > 0); (2.4)
f= VT =(/LyRi (@/or <0). (2.5)
The Richardson number, in (2.4), (2.5) characterizing the effect of centrifugal forces, has

the form [5, 9]
. _f[2rer  1ap T 6w)2 (1 ar)2
Rl—(_;fl—'ﬁ__}—_(r_(??-_r?)/[(?r +{+5) I (2.6)
(T = vr is the velocity circulation). For an isothermal wall jet, Eq. (2.6) becomes

Ri= © = W/wy = O/Uy. (2.7)

g b @
= 25000 T oy
The experimental data [1] in Fig. 2 shows the ratio of the dimensionless fluctuation

velocity for twisted and untwisted jets in the section x/s * 20, where the width of the jets
is the same. Fluctuation velocity was normalized with regard to the modulus of the total
velocity vector for the twisted jet in accordance with (2.3). For the untwisted jet, fluc-
tuation velocity was normalized with regard to the excess longitudinal velocity Aw, = Wy — We.
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The line shows the results of this calculation with (2.4), using Ri in the form (2.7). It
can be seen that the theory correctly reflects the experimental data, which is evidence of
the validity of the assumptions made as the basis of the transport model. Here, the cen-
trifugal forces result in significant suppression of velocity fluctuations in the radial
direction.

To integrate Eq. (2.1), it is necessary to obtain the effective value of Ri, which is
independent of the transverse coordinate. The integral analog of Ri (2.7) will be

(Ri) = 44 sin? @(b/R), (2.8)

where A, as shown by the analysis, is a quantity which is weakly dependent on b/R and which
we will assume to be constant. 1In the general case, this constant may be different for the
external and internal flows.

Assuming that the angle of twist does not change along the jet and is equal to the angle
of twist of the flow in a slit — which is sufficiently close to the experimental results in
[1] — we obtain the law of jet expansion in the channel

b "34, sin’ 9. ( L, b )ﬂ/z o/3 g
T={[T+ 1+A151n (Psf' -1 Alssinztp-s’ (2.9)
while the law for external flow of the jet about the cylinder
b A, sin® o ( i ”_o)"z . }_f___ (2.10)
‘;=[[“—zﬂ“+ 1+ 4ysin® o, ! Assin? g,
In Egs. (2.9) and (2.10)
——————— %
tg ¢ | Ym—w,| - = =
J =2 ‘/1 J iS— \ =, 2.11)
CoS +(1~1/m)20 wm"‘wo dr z 5 (

As a first approximatioh, the value of wy can be calculated from the formula
(Wm — W (ws — W) = ¢,(z/s)™"> (¢, = 3.8), (2.12)

which at w, = 0 becomes the well-known relation for submerged jets [10]. The applicability
of (2.12) for twisted jets can be explained by the fact that, as shown by the experiments in
[2, 11], twisting of the jet has little effect on maximum velocity. In sum, by inserting
(2.12) into (2.11) and integrating the latter, we obtain

%%% = gm—1) 2V§+0W-Dq cm)
J=2cocls‘/1+m|m_1| (Vx—— 5 In PNCESY umi(—i ; .(2.13)

Equations (2.9) and (2.10), together with (2.13), make it possible to calculate the
jet expansion law and, after substitution into (1.10), (1.11), allow us to find the change
in maximum velocity and angle of twist along the jet. Meanwhile, heat and mass transfer and
friction can be determined from the solution of the corresponding integral relations of mo-
mentum or energy [12, 13]. It should be noted that for an untwisted jet (¢, =0), Egs. (2.9),
(2.10), and (2.13) change into the relation for a plane jet [8]

bls = 2¢qzls 4 byls (by = s). (2.14)

3. Discussion of Calculated Results. Comparison with Experimental Data. Calculations
were performed within a broad range of 9 and m for the development of twisted jets in a
channel and external flow about a cylinder. For comparison with these calculated results,
we performed other calculations for two-dimensional untwisted wall jets using similar param-
eters for the companion flow. The turbulence constant ¢, was taken to be the same in each
case and was equal to the value in the plane mixing layer (¢, = 0.11 [8]). The parameter A
in (2.10) and (2.11), characterizing the effect of centrifugal forces on turbulent transport

processes, was given a value of 16. This resulted in fairly good agreement with the experi-
mental data. :

Figure 3a and b show the effect of the co-current parameter m on the law governing the
change in maximum velocity and the character of expansion of walls jets, respectively, for a
fixed distance from the edge of the slit x/s = 50. The solid lines show results calculated.
for the flow of twisted jets, while the dashed lines show results for untwisted jets. Curves
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1 and 2 correspond to flow in the channel, and curves 3 and 4 correspond to flow about the
cylinder. The twisted jets were calculated for ¢s = 30° . The co-current parameter typically
has less effect on maximum velocity in the channel flow than in the flow about the cylinder.
The data for the twisted and untwisted jets in the channel is similar. Here, in contrast to
the external flow, the value of wy/wg is higher for the twisted jet than the untwisted jet in
the channel.

The co-current parameter also has a strong effect on width (Fig. 3b). Meanwhile, the
width of the jet increases with an increase in the injection parameter. Curve 1 corresponds
to twisted external flow (9s = 30°), 2 corresponds to untwisted external and internal flow, and
3 corresponds to twisted internal (channel) flow (p; = 30°). Twisting in the case of flow
about the cylinder results in substantial expansion of the jet, while the internal jet be-
comes narrower if twisted at m > 2.2. This result is related to the effect of centrifugal
forces on velocity pulsations in the radial direction.

Figure 4 shows the effect of 9s on the parameters of the wall jets. The calculations
were performed for submerged jets (m + =, dashed lines) and in the presence of a strong co-
current flow (m = 2, solid lines). All of the data pertains to the section x/s = 50; 1 and
2 correspond to flow in the channel with m = 2 and =; 3 and 4 correspond to flow about the
cylinder with the same co-current parameters.

It can be seen from Fig. 4a that the maximum velocity is less dependent on ®s for flow
in the channel than for the flow about the cylinder. This is related to the fact that, for
the channel flow, centrifugal forces and the increase in velocity resulting from twisting
have opposite effects in regard to the expansion of the jet. In the flow about the cylinder,
both of these effects lead to expansion of the jet (Fig. 4b).

In the above calculations analyzing the effect of twisting on the development of wall
jets, we used velocity profile (1.3). This relation was checked in a comparison with experi-
mental data on velocity profiles in untwisted and twisted wall jets. The test data on the
profiles in a two-dimensional wall jet (m = 9.17), taken from [14], is shown in Fig. 5a: 1)
x/s = 9.63 2) 29; 3) 73; 4) 250; the distance from the wall is referred to the coordinate of
half the maximum velocity, and the lines show results calculated from Egs. (1.3), (1.10),
and (2.13). It can be seen that the calculated results describe the experimental data well.

A comparison with the test data in [15] on jet width and the change in maximum velocity also
showed that this method for the most part accurately reflects the experimental findings within
a broad range of m. ‘

Figure 5b compares profiles of longitudinal velocity for a twisted jet [1] with calcu-
lated profiles in different sections of the channel, g, = 52°, 1) x/s = 12.4; 2) 20.5; 3)
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36.8; 4) 47.3. The calculations were performed for a constant co-current parameter m = wp/
wy, = 2.2. The agreement between theory and experiment can be considered satisfactory if we
take into account that the co-current flow in the tests underwent a change in longitudinal
velocity of about 207.

Figure 6a and b shows data on the width of twisted jets and the change in maximum
velocity. The experimental points and the corresponding theoretical curves were obtained
under the following conditions: 1) ®s= 52°, m = 2.2 (flow in channel [1]); 2) ¥s = 13.7°,
m=6; 3) s = 16.5, m > » (flow about cylinder [111).

The experimental results on the width of twisted jets in Fig. 6a are referred to the
corresponding values for untwisted wall jets and the same co-current parameter. Such a treat-
ment reveals the effect of twisting alone on the character of jet expansion. The line coin-
ciding with the x-axis b/by, = 1 corresponds to flow of the untwisted jet. It is evident that
twisting leads to more intensive expansion of the jet both inside the channel (points 1) and
about the cylinder (points 2 and 3). However, in the external flow, the increase in b/b,
along the flow is monotonic. 1In the case of the channel flow, there is a reduction in the
relative width of the jet. This difference can be explained by the suppression of turbulent
pulsations as a result of body forces in the external part of the jet.

As for untwisted jets, the maximum velocity is more conservative in regard to a change in
the co-current parameter and twisting than is the width of the mixing layer. This is con-
firmed by the data in Fig. 6b for the injection parameter and angle of twist, which were
varied within broad ranges. The theoretical curves in Fig. 6 were obtained from the formulas
(1.3), (1.5), (1.6), (1.10), (1.11), (2.10), (2.11), (2.14). Meanwhile, the best agreement
with the experiment is given by the value of the constant ¢, = 0.14 for channel flow and c, =
0.09 for flow about the cylinder. This fact probably reflects the effect of the propagation
of annular axisymmetric jets. The same values of the constant were used in the calculations
for twisted jets.

Thus, the method of calculation developed here makes it possible to determine the main
characteristics of semi-infinite co-current twisted jets in channels and in flow about a
cylinder. We established and analyzed the reasons for the effect of the companion flow,
twisting, and centrifugal forces on turbulence parameters and the width of the mixing layer.
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RADIAL OSCILLATTONS OF VAPOR —GAS BUBBLES

N. S. Khabeev UDC 532.529

We are concerned with vapor —gas bubbles executing small radial oscillations in a liquid.
The dynamics of vapor —gas bubbles has important bearing, in particular, on sound propagation
in the top layer of the ocean. The description of the process in this situation is far more
complicated than in the case of a gas bubble or a vapor bubble. The attenuation of sound in
a liquid containing vapor —gas bubbles is clearly related to the decay rate of the radial
pulsations of the bubbles.

Here we investigate the influence of interdiffusion of the components of a vapor —gas
mixture on the decay rate of small oscillations of vapor —gas bubbles. We show that the
addition of a minute quantity of an inert gas to a vapor bubble lowers the damping of the
bubble oscillations significantly. We confirm the fact that the derived analytical relations
are in good agreement with the experimental data on the damping of radial oscillations of gas
and steam bubbles in water. We also discuss the linear radial pulsations of vapor —gas
bubbles in a sound field. We derive asymptotic expressions for the bubble response function,
which are valid for different frequency ranges. We compare these relations with the experi-
mental data for steam—air bubbles in subcooled water and establish good agreement between
them.

1. Fundamental Equations

The problem of spherically symmetric process around vapor —gas bubbles has been formu-
lated previously [1, 2}, and their small oscillations have been investigated in detail [3-5].
The system of equations describing linear radially symmetric oscillations of a bubble filled
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